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Abstract
If the face-cycles at all the vertices in a map on a surface are of same type then
the map is called semi-equivelar. There are eleven types of Archimedean tilings on the
plane. All the Archimedean tilings are semi-equivelar maps. If a map X on the torus
is a quotient of an Archimedean tiling on the plane then the map X is semi-equivelar.
We show that each semi-equivelar map on the torus is a quotient of an Archimedean
tiling on the plane.
Vertex-transitive maps are semi-equivelar maps. We know that four types of semi-
equivelar maps on the torus are always vertex-transitive and there are examples of other
seven types of semi-equivelar maps which are not vertex-transitive. We show that the
number of Aut(Y )-orbits of vertices for any semi-equivelar map Y on the torus is at
most six. In fact, the number of orbits is at most three except one type of semi-equivelar
maps. Our bounds on the number of orbits are sharp.
MSC 2010 : 52C20, 52B70, 51M20, 57M60.
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1 Introduction
Here all the maps are polyhedral maps on surfaces. Thus, a face of a map is an n-gon for
some integer n ≥ 3 and intersection of two faces of a map is either empty or a vertex or
an edge. A map M is said to be vertex-transitive if the automorphism group Aut(M) acts
transitively on the set V (M) of vertices of M .
For a vertex u in a map M , the faces containing u form a cycle (called the face-cycle at
u) Cu in the dual graph Λ(M) of M . Clearly, Cu is of the form P1-P2- · · · -Pk-F1,1, where
Pi = Fi,1- · · · -Fi,ni is a path consisting of pi-gons Fi,1, . . . , Fi,ni , pi 6= pi+1 for 1 ≤ i ≤ k − 1
and pn 6= p1. A map M is called semi-equivelar if Cu and Cv are of same type for any two
vertices u and v ofM . More precisely, there exist integers p1, . . . , pk ≥ 3 and n1, . . . , nk ≥ 1,
pi 6= pi+1 (addition in the suffix is modulo k) such that both Cu and Cv are of the form
P1-P2- · · · -Pk-F1,1 as above, where Pi = Fi,1- · · · -Fi,ni is a path consisting of ni pi-gons. In
this case, we say that M is semi-equivelar of type [pn11 , . . . , p
nk
k ]. (We identify [p
n1
1 , . . . , p
nk
k ]
with [pnkk , . . . , p
n1
1 ] and with [p
n2
2 , . . . , p
nk
k , p
n1
1 ].) A semi-equivelar map of type [p
q] is also
called an equivelar map. Clearly, vertex-transitive maps are semi-equivelar.
An Archimedean tiling of the plane R2 is a tiling of R2 by regular polygons such that
all the vertices of the tiling are of same type. An Archimedean tiling of R2 is also known as
a semi-regular, or homogeneous, or uniform tiling. In [7], Gru¨nbaum and Shephard showed
that there are exactly eleven types of Archimedean tilings on the plane (see Example 2.1).
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These types are [36], [44], [63], [34, 61], [33, 42], [32, 41, 31, 41], [31, 61, 31, 61], [31, 41, 61, 41],
[31, 122], [41, 61, 121], [41, 82]. Clearly, an Archimedean tiling on R2 is a semi-equivelar
map on R2. But, there are semi-equivelar maps on R2 which are not (not isomorphic to)
Archimedean tilings. In fact, there exists [pq] equivelar maps on R2 whenever 1/p+1/q ≤ 1/2
(e.g., [2], [6]). It was shown in [5] and [3] that the Archimedean tilings E1, E4, E5, E6 are
unique as semi-equivelar maps. Here we prove this for remaining Archimedean tilings. More
precisely, we have
Theorem 1.1. Let E1, . . . , E11 be the Archimedean tilings on the plane given in Example
2.1. Let X be a semi-equivelar map on the plane. If the type of X is same as the type of
Ei, for some i ≤ 11, then X ∼= Ei. In particular, X is vertex-transitive.
There are infinitely many semi-equivelar maps on both the torus and the Klein bottle
(e.g., [4], [5]). But, there are only eleven types of semi-equivelar maps on the torus and
ten types of semi-equivelar maps on the Klein bottle ([3]). All the known examples are
quotients of Archimedean tilings of the plane [1, 9, 10]. This motivates us to define
Definition 1.2. A semi-equivelar map on the torus or on the Klein bottle is said to be an
Archimedean map if it is the quotient of an Archimedean tiling on the plane by a discrete
subgroup of the automorphism group of the tiling.
As a consequence of Theorem 1.1 we prove
Theorem 1.3. All semi-equivelar maps on the torus and the Klein bottle are Archimedean.
We know from [3] and [5]
Proposition 1.4. Let X be a semi-equivelar map on the torus. If the type of X is [36],
[63], [44] or [33, 42] then X is vertex-transitive.
Proposition 1.5. If [pn11 , . . . , p
nk
k ] = [3
2, 41, 31, 41], [34, 61], [31, 61, 31, 61], [31, 41, 61, 41],
[31, 122], [41, 82] or [41, 61, 121] then there exists a semi-equivelar map of type [pn11 , . . . , p
nk
k ]
on the torus which is not vertex-transitive.
Proposition 1.6. Let X be a semi-equivelar map on the torus. Let the vertices of X form
m Aut(X)-orbits. (a) If the type of X is [32, 41, 31, 41] then m ≤ 2. (b) If the type of X is
[31, 61, 31, 61] then m ≤ 3.
Here we present bounds on the number of orbits for the remaining five cases. We prove
Theorem 1.7. Let X be a semi-equivelar map on the torus. Let the vertices of X form m
Aut(X)-orbits. (a) If the type of X is [41, 82] then m ≤ 2. (b) If the type of X is [34, 61],
[31, 41, 61, 41] or [31, 122] then m ≤ 3. (c) If the type of X is [41, 61, 121] then m ≤ 6.
It follows from Proposition 1.6 and Theorem 1.7 that a semi-equivelar map X of type
[32, 41, 31, 41] or [41, 82] is either vertex-transitive or the number of Aut(X)-orbits of vertices
is two. In [3, Example 4.2], we have presented such semi-equivelar maps which are not
vertex-transitive. Now, we present
Theorem 1.8. (a) If [pn11 , . . . , p
nk
k ] = [3
1, 61, 31, 61], [34, 61], [31, 41, 61, 41] or [31, 122] then
there exists a semi-equivelar map M of type [pn11 , . . . , p
nk
k ] on the torus with exactly three
Aut(M)-orbits of vertices. (b) There exists a semi-equivelar map N of type [41, 61, 121] on
the torus with exactly six Aut(N)-orbits of vertices.
Thus, all the bounds in Proposition 1.6 and Theorem 1.7 are sharp.
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2 Examples
We first present eleven Archimedean tilings on the plane and five semi-equivelar maps on
the torus. We need these examples for the proofs of our results in Sections 3 and 4.
Example 2.1. Eleven Archimedean tilings on the plane are given in Fig. 1. These are all
the Archimedean tilings on the plane R2 (cf. [7]). All of these are vertex-transitive maps.
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u
−3,−3 u−2,−3 u−1,−3 u0,−3 u1,−3 u2,−3 u3,−3 u4,−3 u5,−3 u6,−3
u
−3,−2 u−2,−2 u−1,−2 u0,−2 u1,−2 u2,−2 u3,−2 u4,−2 u5,−2 u6,−2
u
−4,−1 u−3,−1 u−2,−1 u−1,−1 u0,−1 u1,−1 u2,−1 u3,−1 u4,−1 u5,−1
u
−4,0 u−3,0 u−2,0 u−1,0 u0,0 u1,0 u2,0 u3,0 u4,0 u5,0
u
−5,1 u−4,1 u−3,1 u−2,1 u−1,1 u0,1 u1,1 u2,1 u3,1 u4,1
u
−5,2 u−4,2 u−3,2 u−2,2 u−1,2 u0,2 u1,2 u2,2 u3,2 u4,2
u
−6,3 u−5,3 u−4,3 u−3,3 u−2,3 u−1,3 u0,3 u1,3 u2,3 u3,3
(a) Triangular tiling E1
v
−1,−1 v0,−1 v1,−1 v2,−1
v
−1,0 v0,0 v1,0 v2,0
v
−1,1 v0,1 v1,1 v2,1
v
−1,2 v0,2 v1,2 v2,2
(b) Square tiling E2
u
−2,−1
u
−1,−1
u0,−1
u1,−1
u2,−1
u3,−1
u4,−1
u
−2,0
u
−1,0
u0,0
u1,0
u2,0
u3,0
u4,0
u
−3,1
u
−2,1
u
−1,1
u0,1
u1,1
u2,1
u3,1
u
−4,2
u
−3,2
u
−2,2
u
−1,2
u0,2
u1,2
u2,2
(c) Hexagonal tiling E3
u
−1,−1 u0,−1 u1,−1 u2,−1u−2,−1u−3,−1
u0,0 u1,0 u2,0u−1,0u−2,0
u0,1 u1,1 u2,1u−1,1u−2,1
u0,2 u1,2 u2,2 u3,2u−1,2u−2,2
(d) Elongated triangular tiling E4
v−1,−2
v0,−2 v1,−2
v−1,−1
v0,−1
v1,−1
v2,−1 v3,−1
v−2,0 v−1,0
v0,0
v1,0
v2,0 v3,0
v−2,1 v−1,1
v0,1 v1,1
v2,1 v3,1
v−2,2 v−1,2
v0,2
v1,2
v2,2
v0,3
v1,3
v2,3
(e) Snub square tiling E5
w
−2,−1
v
−1,−1
w
−1,−1
v0,−1
w0,−1
v1,−1
w1,−1
v2,−1
w2,−1
v3,−1
w3,−1
u
−2,−1 u−1,−1 u0,−1 u1,−1 u2,−1
v
−2,0
w
−2,0
v
−1,0
w
−1,0
v0,0
w0,0
v1,0
w1,0
v2,0
w2,0
v3,0
u
−2,0 u−1,0
u0,0
u1,0 u2,0
w
−3,1
v
−2,1
w
−2,1
v
−1,1
w
−1,1
v0,1
w0,1
v1,1
w1,1
v2,1
w2,1
u
−3,1 u
−2,1 u−1,1
u0,1 u1,1
v
−3,2
w
−3,2
v
−2,2
w
−2,2
v
−1,2
w
−1,2
v0,2
w0,2
v1,2
w1,2
v2,2
(f) Trihexagonal tiling E6
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u
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u
−3,−1 u−2,−1 u−1,−1u0,−1 u1,−1
u2,−1
u4,−1 u5,−1
u
−4,0 u−3,0 u−2,0 u−1,0 u1,0 u2,0 u3,0 u4,0 u5,0
u
−5,1 u−4,1 u−2,1 u−1,1 u0,1 u1,1 u2,1 u3,1
u
−5,2 u−4,2 u−3,2 u−2,2 u−1,2 u0,2 u2,2 u3,2 u4,2
u
−6,3 u−5,3 u−4,3 u−3,3 u−1,3 u0,3 u1,3 u2,3 u3,3
(g) Snub hexagonal tiling E7
u0,−2
v0,−2
w0,−2
u0,−1
v0,−1
w0,−1
u1,−2
v1,−2
w1,−2
u1,−1
v1,−1
w1,−1
u2,−2
v2,−2
w2,−2
u2,−1
v2,−1
w2,−1
v
−1,0
w
−1,0
u
−1,1
v
−1,1
u0,0
v0,0
w0,0
u0,1
v0,1
w0,1
u1,0
v1,0
w1,0
u1,1
v1,1
w1,1
u2,0
v2,0
v2,1
w2,1
u
−1,2
v
−1,2
w
−1,2
u
−1,3
v
−1,3
w
−1,3
u0,2
v0,2
w0,2
u0,3
v0,3
w0,3
u1,2
v1,2
w1,2
u1,3
v1,3
w1,3
• •
••
(h) Rhombitrihexagonal tiling E8
w
−1,−1
w
−2,−1
v
−1,0
v
−2,0
u
−1,−1
v0,−1
v1,−1
u1,−1
w1,−1
w0,−1
u0,0
v1,0
v0,0
u
−2,0
w
−2,0
w
−1,0
v2,−1
v3,−1
u3,−1
w3,−1
w2,−1
u2,0
v3,0
v2,0
w0,0
w1,0
v4,−1
v5,−1
u5,−1
w5,−1
w4,−1
u4,0
v5,0
v4,0
w2,0
w3,0
u
−3,0 u−1,0 u1,0 u3,0
u
−2,−1 u0,−1 u2,−1 u4,−1
w
−3,1
w
−4,1
v
−3,2
v
−4,2
u
−3,1
v
−2,1
v
−1,1
u
−1,1
w
−1,1
w
−2,1
u
−2,2
v
−1,2
v
−2,2
u
−4,2
w
−4,2
w
−3,2
v0,1 v1,1
u1,1
w1,1
w0,1
u0,2
v1,2
v0,2
w
−2,2
w
−1,2
v2,1
v3,1
u3,1
w3,1
w2,1
u2,2
v3,2
v2,2
w0,2
w1,2
u
−5,2 u−3,2 u−1,2 u1,2
u
−4,1 u−2,1 u0,1 u2,1
• •
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(i) Truncated hexagonal tiling E9
x
−1,−2
y
−1,−2
z
−1,−2
u
−1,−1
v
−1,−1
w
−1,−1
u0,−2
v0,−2
w0,−2
x0,−2
y0,−2
z0,−2
u0,−1
v0,−1
w0,−1
x0,−1
y0,−1
z0,−1
u1,−2
v1,−2
w1,−2
x1,−2
y1,−2
z1,−2
u1,−1
v1,−1
w1,−1
x1,−1
y1,−1
z1,−1
u2,−2
v2,−2
w2,−2
x2,−2
y2,−2
z2,−2
u2,−1
v2,−1
w2,−1
x2,−1
y2,−1
z2,−1
u
−1,0
v
−1,0
w
−1,0
x
−1,0
y
−1,0
z
−1,0
u
−1,1
v
−1,1
w
−1,1
x
−1,1
y
−1,1
z
−1,1
u0,0
v0,0
w0,0
x0,0
y0,0
z0,0
u0,1
v0,1
w0,1
x0,1
y0,1
z0,1
u1,0
v1,0
w1,0
x1,0
y1,0
z1,0
u1,1
v1,1
w1,1
x1,1
y1,1
z1,1
u2,0
v2,0
w2,0
x2,1
y2,1
z2,1
x
−2,2
y
−2,2
z
−2,2
u
−2,3
v
−2,3
w
−2,3
u
−1,2
v
−1,2
w
−1,2
x
−1,2
y
−1,2z
−1,2
u
−1,3
v
−1,3
w
−1,3
x
−1,3
y
−1,3
z
−1,3
u0,2
v0,2
w0,2
x0,2
y0,2
z0,2
u0,3
v0,3
w0,3
x0,3
y0,3
z0,3
u1,2
v1,2
w1,2
x1,2
y1,2
z1,2
u1,3
v1,3
w1,3
x1,3
y1,3
z1,3
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(j) Truncated trihexagonal tiling E10
v
−3,−1
v
−2,−1
v
−1,−1
v0,−1
v1,−1
v2,−1
v3,−1
v4,−1
v
−3,0
v
−2,0 v
−1,0
v0,0 v1,0
v2,0 v3,0
v4,0
v
−3,1
v
−2,1 v
−1,1
v0,1
v1,1
v2,1 v3,1
v4,1
v
−3,2
v
−2,2 v
−1,2
v0,2 v1,2
v2,2 v3,2
v4,2
u2,4
u2,3
u2,2
u2,1
u2,0
u2,−1
u2,−2
u2,−3
u1,4
u1,3
u1,2
u1,1
u1,0
u1,−1
u1,−2
u1,−3
u0,4
u0,3
u0,2
u0,1
u0,0
u0,−1
u0,−2
u0,−3
u
−2,4
u
−2,3
u
−2,2
u
−2,1
u
−2,0
u
−2,−1
u
−2,−2
u
−2,−3
• •
•
(k) Truncated square tiling E11
Figure 1: Archimedean tilings on the plane
Example 2.2. Five semi-equivelar maps on the torus are given in Fig. 2. Maps M2, M3,
M4 were first constructed in [3, Example 4.2]. We need these in the proof of Theorem 1.8.
4
w1w1 v3 w3 v5 w5 v7 w7 v1
u1 u2 u3 u4 u1
v2 w2 v4 w4 v6 w6 v8 w8 v2
u5 u6 u7 u8 u5
v9 w10 v10 w11 v11 w12 v12 w9w9
u9 u10 u11 u12 u9
w5 v7 w7 v1 w1 v3 w3 v5v5
M1 ([3
1, 61, 31, 61])
c2 u3
v9
w9 a5
b5
c4 u5
v5
w5 a9
b9
c6
u7u9
v3
w3 a7
b7
c10 u11
v11
w11 a11
b11
c12
b1
a4 w8
v8
u8 c9
b8
a8 w4
v4
u10 c11
b12
a12
b9
a12
w12
v12
u12 c7
b4
c1
b2
a2 w2
u1
v1
w1 a1
w6
v6
u6
c6
c7
b4
a4 w8
v8
u8
u7
v7
w7 a3
b3
c8
u2
c3
b6
a6 w10
v10
u4 c5
b10
a10 w6
v6
u6
v7
v2
c7
c9
b8
a8 w4
v4
u10 c11
b12
a12w12
v12
u12
M5 ([4
1, 61, 121])
a1
b1
c1 a2
b2
c2 a1
b3
a3
c3 b4
a4
c4
b3
a5
a5
b5 c6
a6
b6 c5
c5
b7
a7
c7 b8
a8
c8
b7
a2
b2 c2
a1
b1 c1
c1
M2 ([3
4, 61])
w5
v10 u11
u12
w2
v2
v1u2
u1
w1
w6
v11
v12 u13
u14
w3
v4
v3u4
u3
w7
v13
v15v14u15
u16
v16
v16
v15
w4
v6
v8
v5u6
u5u7
w4
w8
v7u8
w8
u7
u17
u9
u10 v9
w10
w14
u20
u19v18
v17
w13 w13
w9
u18
w16w15
u22
u21v20
v19 u24
u23v22
u17
v24
v21 v23
u18
w11 w12 w9
v1
v1 u4 v3 u6 v5 v7
u2
u8
u3v2 u5v4 u7v6
u1v8
w21
w17 w17
w22
w18
w23
w19
w24 w21
w20
M4 ([3
1, 122])
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3 Proofs of Theorems 1.1 and 1.3
To prove Theorem 1.1, we need Lemmas 3.2, 3.4, 3.7, 3.9 and 3.12.
If uv is an edge in a map M then we say u is adjacent to v in M . For a map M on a
surface, V (M) denotes the vertex set of M .
Consider the subset U0 = {u7i+4j,j : i, j ∈ Z} of V (E1) (see Fig. 1 (a)). The set U0
satisfies the following property.
Each v in V (E1) \ U0 is adjacent in E1 to a unique u in U0. (1)
Trivially, V (E1) satisfies (1). Here we prove (we need this lemma to prove Lemma 3.2).
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Lemma 3.1. Up to an automorphism of E1, U0 is the unique proper subset of V (E1) which
satisfies Property (1).
Proof. Let V = V (E1) be the vertex set of E1. Let U ⊆ V satisfy Property (1).
Claim 1. If there exist two vertices in U which are adjacent in E1 then U = V .
Suppose that u, u1 ∈ U , where uu1 is an edge in E1. Let the link of u in E1 be
C6(u1, . . . , u6). Then both u, u1 are adjacent to u2 and u, u1 ∈ U . Since U satisfies (1),
u2 /∈ V \U . So, u2 ∈ U . Successively, we get u2, u3, u4, u5, u6 ∈ U . Thus, all the neighbours
of u are in U . Since E1 is connected, this implies that U = V (E1). This proves Claim 1.
Now, assume that U $ V (E1). Then W = V \ U 6= ∅ and hence there exist v ∈ W and
u ∈ U such that u and v are adjacent in E1. For x ∈ W , let N(x) be the unique vertex
y ∈ U so that xy is an edge in E1. Then, x 7→ N(x) defines a mapping N : W → U .
Up to an automorphism of E1, assume that u1,0 ∈W and u0,0 ∈ U . Since U satisfies (1),
all the neighbours of u1,0 other than u0,0 are in W . So, {u0,1, u1,1, u2,0, u2,−1, u1,−1} ⊆ W .
Therefore, N(u2,0) ∈ {u2,1, u3,0, u3,−1}. If N(u2,0) = u3,0 then other neighbours of u2,0 are
in W and hence {u2,1, u3,−1} ⊆ W . This implies N(u1,1) = u0,2 or u1,2. In the first case,
u0,1 has two neighbours u0,0, u0,2 in U , a contradiction. In the second case, u2,1 has two
neighbours u3,0, u1,2 in U , a contradiction. Thus, N(u2,0) 6= u3,0. Therefore, N(u2,0) = u2,1
or u3,−1. Up to an automorphism of E1, we can assume that N(u2,0) = u3,−1. By, the
similar arguments, N(u2,−2) = u3,−2 or u2,−3. Since u3,−1 ∈ U is adjacent to u2,−1 ∈ W ,
u3,−2 6∈ U . Thus, N(u2,−2) = u2,−3. Similarly, N(u0,−2) = u−1,−2, N(u−2,0) = u−3,1,
N(u−2,2) = u−2,3 and N(u0,2) = u1,2. Thus
u3,−1, u2,−3, u−1,−2, u−3,1, u−2,3, u1,2 ∈ U.
Let A := {(3,−1), (2,−3), (−1,−2), (−3, 1), (−2, 3), (1, 2)} ⊆ Z× Z. For (k, ℓ) ∈ Z× Z,
let Vk,ℓ := {uk+p,ℓ+q : (p, q) ∈ A}. (There are 18 vertices at a distance 3 in the graph E1
from uk,ℓ. Vk,ℓ consists of 6 out of these 18.) Clearly, up,q ∈ Vk,ℓ if and only if uk,ℓ ∈ Vp,q.
Claim 2. If uk,ℓ ∈ U and Vk,ℓ ∩ U 6= ∅ then Vk,ℓ ⊆ U .
Since U 6= V (E1) satisfies Property (1) and uk,ℓ ∈ U , it follows that all the vertices of E1
at a distance 1 or 2 from uk,ℓ in the graph E1 are inW . Assume, without loss, that uk+3,ℓ−1 ∈
Vk,ℓ ∩ U . (The other five cases are similar.) Then, by the same arguments as above,
N(uk+2,ℓ−2) = uk+2,ℓ−3, N(uk+0,ℓ−2) = uk−1,ℓ−2, N(uk−2,ℓ) = uk−3,ℓ+1, N(uk−2,ℓ+2) =
uk−2,ℓ+3 and N(uk,ℓ+2) = uk+1,ℓ+2. These imply, uk+2,ℓ−3, uk−1,ℓ−2, uk−3,ℓ+1, uk−2,ℓ+3,
uk+1,ℓ+2 ∈ U . This proves Claim 2.
Let V0 := {u0,0} and Vn :=
⋃
uk,ℓ∈Vn−1
Vk,ℓ for n ≥ 1.
Claim 3. Vn ⊆ U for n ≥ 0.
We prove the claim by induction on n. From above, V0, V1 ⊆ U . Assume that n ≥ 2 and
the claim is true for all m < n. So, Vn−2, Vn−1 ⊆ U . Let uk,ℓ ∈ Vn−1. From the definition
of Vn−1, there exists up,q ∈ Vn−2 such that uk,ℓ ∈ Vp,q. Then up,q ∈ Vk,ℓ. So, up,q ∈
Vk,ℓ ∩ Vn−2 ⊆ Vk,ℓ ∩ U . Thus, Vk,ℓ ∩ U 6= ∅. Also, uk,ℓ ∈ Vn−1 ⊆ U . Therefore, by Claim 2,
Vk,ℓ ⊆ U . Since uk,ℓ is an arbitrary vertex in Vn−1, it follows that Vn =
⋃
uk,ℓ∈Vn−1
Vk,ℓ ⊆ U .
The claim now follows by induction.
Consider the graph G whose vertex set is U0. Two vertices in G are adjacent if their
distance in E1 is 3. Then the set of neighbours of a vertex uk,ℓ is the set Vk,ℓ of six vertices.
Thus, G is a 6-regular graph.
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Claim 4. G is connected.
Observe that u7i,0-u7i+3,−1-u7i+4,1-u7i+7,0 is a path (of length 3) in G from u7i,0 to
u7(i+1),0. This implies that u7h,0 and u7i,0 are connected by a path in G, for h 6= i ∈ Z. In
particular, u7i,0 is connected by a path in G to u0,0, for all i ∈ Z.
From the definition of G, u7i+4j,ju7i+4j+3,j−1 is an edge in G for all i, j. This implies
that, for any vertex u7i+4j,j of G, there exists a path of length |j| from u7i+4j,j in G to
a vertex of the form u7k,0 for some k ∈ Z. Therefore, by the conclusion in the previous
paragraph, any u7i+4j,j is connected by a path in G to u0,0. Claim 4 follows from this.
Claim 5.
⋃
n≥0 Vn = U0.
Since each element in A is of the form (7i+4j, j), it follows that Vk,ℓ ⊆ U0 for uk,ℓ ∈ U0.
Thus,
⋃
n≥0 Vn ⊆ U0. Let H be the induced graph G[∪n≥0Vn]. Clearly, the set of neighbours
of a vertex uk,ℓ in H is Vk,ℓ. Hence H is also 6-regular. Since G is connected and both G
and the subgraph H are 6-regular, it follows that H = G. This implies that ∪n≥0Vn = U0.
This proves Claim 5.
From Claims 3 and 5, U0 =
⋃∞
n=0 Vn ⊆ U . Suppose U 6= U0. Let u ∈ U \ U0. Since U0
satisfies (1), there exists v ∈ U0 such that uv is an edge in E1. Then, u, v ∈ U and uv is an
edge in E1. Therefore, by Claim 1, U = V . This is not possible by the assumption. Thus,
U = U0. This completes the proof.
Lemma 3.2. Up to isomorphism, E7 (given in Example 2.1) is the unique semi-equivelar
map of type [34, 61] on the plane.
Proof. Let Y be a semi-equivelar map of type [34, 61] on the plane. For each 6-face σ (face
whose boundary is a 6-gon) of Y , choose a vertex vσ at the interior of σ and join vσ by
edges to all the six vertices of σ. Let Ŷ be the new map obtained from Y by this way.
Then deg
Ŷ
(vσ) = 6 for each 6-face σ of Y . Now, if u is a vertex of Y then u is in a unique
6-face and degY (u) = 5. These imply, that degŶ (u) = 5 + 1 = 6. Clearly, each face in
Ŷ is a triangle. Thus, Ŷ is a semi-equivelar map of type [36]. Hence, by [5, Lemma 3.2],
Ŷ ∼= E1. So, we can assume that Ŷ = E1. Let U = {vσ : σ is a 6-face of Y }. Then,
V = V (Ŷ ) = U ⊔ V (Y ). Since each u ∈ V (Y ) is in unique 6-face σ of Y , each vertex
u ∈ V (Y ) is adjacent in Ŷ to a unique vertex vσ in U . Thus, the subset U of V (Ŷ ) satisfies
Property (1).
On the other hand, let U $ V (E1) satisfy Property (1). Let N : V (E1) \U → U be the
mapping as in the proof of Lemma 3.1. Let Z be the map obtained from E1 by removing
all the vertices in U and all the edges through vertices in U . Now, let u be a vertex in U .
Then the neighbours of u in E1 form a 6-face (the 6-cycle lkE1(u)) in Z. Since U satisfies
Property (1), it follows that each vertex v in Z is on a unique 6-face (the 6-cycle lkE1(N(v)).
Also, the edges through v in Z are those in E1 except the edge vN(v). So, number of edges
through v in Z is 5. These imply that Z is a semi-equivelar map of type [34, 61] on the
plane.
Thus, there is a one to one correspondence between semi-equivelar maps of type [34, 61]
on the plane and the sets U $ V (E1) which satisfy Property (1). The result now follows
by Lemma 3.1.
Remark 3.3. If we take u0,0 = (0, 0) then V (E1) is a plane lattice in which U0 is a sublattice
of index 7. The mappingN : V (E1)\U0 → U0 is a 6 to 1 map. If we consider the equivalence
relation on V (E1) as x ∼ y if x − y ∈ U0 then the quotient complex E1/ ∼ is the unique
7-vertex triangulation of the torus. In the proof of Lemma 3.1, if we choose N(u2,0) = u2,1
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(in place of u3,−1) then we get U = {u7i+2j,j : i, j ∈ Z} (= U0 say) in place of U0. Observe
that U0 = β(U0), where β is the automorphism of E1 given by β(ui,j) = ui+j,−j. (β is
the orthogonal reflection w. r. t. the line joining u0,0 and u1,0.) It follows from the proof of
Lemma 3.1 that U0, U0 and V (E1) are the only sets which contain u0,0 and satisfy Property
(1). In fact, there are exactly 14 proper subsets of V (E1) which satisfy Property (1). These
are U0, . . . , U6, U0, . . . , U6, where Ui := α
i(U0), U i = α(U i) = β(Ui) for 1 ≤ i ≤ 6, and
α is the translation x 7→ x + (u1,0 − u0,0). Among these, U0 and U0 are sublattices of
E1. Observe that the subset U0 of V (E1) corresponds to E7 and the subset U0 of V (E1)
corresponds to the other snub hexagonal tiling β(E7).
Lemma 3.4. Let E8 be as in Example 2.1. Let X be a semi-equivelar map on the plane.
If the type of X is [31, 41, 61, 41] then X ∼= E8.
To prove Lemma 3.4, we need the following two technical lemmas.
Lemma 3.5. Let X be a map on the 2-disk D2 whose faces are triangles, quadrangles
and hexagons. For a vertex u of X, let n3(u), n4(u) and n6(u) be the number of triangles,
quadrangles and hexagons through u respectively. Then X can not satisfy both the following:
(i) (n3(u), n4(u), n6(u)) = (1, 2, 1) for each internal vertex u, (ii) boundary ∂D2 has 2k + ℓ
vertices, among these 2k vertices are in one hexagon and one quadrangle, and ℓ vertices are
in one hexagon only, for some k > 0 and k − 1 ≤ l ≤ k + 2.
Proof. Let f0, f1 and f2 denote the number of vertices, edges and faces of X respectively.
For i = 3, 4, 6, let ni denote the total number of i-gons in X. Let there be n internal
vertices. Then f0 = n+ 2k + ℓ and f1 = (4× n+ 3× 2k + 2× ℓ)/2.
Suppose X satisfies (i) and (ii). Then n3 = n/3, n4 = (2n + 2k)/4 = (n + k)/2 and
n6 = (n + 2k + ℓ)/6. Since n4 ∈ Z, n + k is even. Also n6 ∈ Z implies n + 2k + ℓ is
even and hence k + ℓ is even. Since k − 1 ≤ ℓ ≤ k + 2, we get that ℓ = k or k + 2.
Since n + k = 2n3 + (n3 + k), it follows that n3 + k is also even, say n3 + k = 2m.
Now, if ℓ = k + 2 then n6 = (n + 2k + ℓ)/6 = (3(n3 + k) + 2)/6 = m + 1/3 6∈ Z, a
contradiction. Thus, ℓ = k. Then, f0 = n + 3k, f1 = (4n + 6k + 2k)/2 = 2n + 4k and
f2 = n3+n4+n6 = n/3+ (n+ k)/2 + (n+2k+ k)/6 = n+ k. Then f0− f1+ f2 = 0. This
is not possible since the Euler characteristic of D2 is 1. This completes the proof.
Lemma 3.6. Let X be a map on the 2-disk D2 whose faces are triangles, quadrangles
and hexagons. For a vertex u of X, let n3(u), n4(u) and n6(u) be the number of triangles,
quadrangles and hexagons through u respectively. Then X can not satisfy both the following:
(i) (n3(u), n4(u), n6(u)) = (1, 2, 1) for each internal vertex u, (ii) boundary ∂D2 has 2k + ℓ
vertices, among these 2k vertices are in one quadrangle and one triangle and ℓ vertices are
in two quadrangles and one triangle, for some k > 0 and k − 1 ≤ ℓ ≤ k + 1.
Proof. Let f0, f1 and f2 denote the number of vertices, edges and faces of X respectively.
For i = 3, 4, 6, let ni denote the total number of i-gons in X. Let there be n internal
vertices. Then f0 = n+ 2k + ℓ and f1 = (4× n+ 3× 2k + 4× ℓ)/2.
Suppose X satisfies (i) and (ii). Then n6 = n/6, n4 = (2n+ 2k + 2ℓ)/4 = (12n6 + 2k +
2ℓ)/4 = 3n6 + (k + ℓ)/2. Thus, k + ℓ is even. Since k − 1 ≤ ℓ ≤ k + 1, it follows that
ℓ = k. Then, f0 = n + 3k, f1 = (4n + 6k + 4k)/2 = 2n + 5k and f2 = n3 + n4 + n6 =
(n+ 3k)/3 + (2n+ 4k)/4 + n/6 = n+ 2k. Therefore, f0 − f1 + f2 = 0. This is not possible
since the Euler characteristic of D2 is 1. This completes the proof.
8
Proof of Lemma 3.4. Let a0,0b0,0 be an edge of a 6-gon A0,0. Then a0,0b0,0 is also in a
4-gon B0,0. Let the face-cycle C(b0,0) at b0,0 be C4(A0,0, B0,0, C0,0,D0,0), where A0,0 =
C6(b0,0, a0,0, c0,1, b0,1, a0,1, c0,0), B0,0 = C4(b0,0, a0,0, b0,−1, a0,−1), C0,0 = C3(b0,0, a0,−1,
c1,−1), D0,0 = C4(b0,0, c1,−1, b1,−1, c0,0), for some vertices c0,1, b0,1, a0,1, c0,0, b1,−1, c1,−1,
a0,−1, b0,−1, c−1,0, a−1,1 (see Fig. 3). Then the other two faces through c0,0 must be
of the form E0,0 := C3(c0,0, b1,−1, a1,0) and F0,0 := C4(c0,0, a1,0, c1,1, a0,1). This implies
that the faces through a1,0 are E0,0, F0,0, A1,0 := C6(a1,0, c1,1, b1,1, a1,1, c1,0, b1,0), B1,0 :=
C4(a1,0, b1,0, a1,−1, b1,−1). Then the other two faces through b1,0 must be of the form
C1,0 := C3(b1,0, a1,−1, c2,−1), D1,0 := C4(b1,0, c2,−1, b2,−1, c1,0). Continuing this way, we
get the paths P0 := · · · -b−1,0-c−1,0-a0,0-b0,0-c0,0-a1,0-b1,0-c1,0-a2,0- · · · , Q0 := · · · -c0,−1-b0,−1-
a0,−1-c1,−1-b1,−1-a1,−1-c2,−1-b2,−1- · · · , Q1 := · · · -b−1,1-a−1,1-c0,1-b0,1-a0,1-c1,1-b1,1-a1,1- · · ·
and the faces Bi,0 := C4(ai,0, bi,0, ai,−1, bi,−1), Ci,0 := C3(bi,0, ci+1,−1, ai,−1), Di,0 := C4(bi,0,
ci,0, bi+1,−1, ci+1,−1), E0,0 := C3(ci,0, ai+1,0, bi+1,−1), i ∈ Z, between Q0 and P0 and faces
Ai,0 := C6(ai,0, bi,0, ci,0, ai,1, bi,1, ci,1), Fi,0 := C4(ci,0, ai+1,0, ci+1,1, ai,1), i ∈ Z, between P0
and Q1 (see Fig. 3).
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Figure 3: Part of X of Lemma 3.4
Claim. P0, Q0, Q1 are infinite paths.
If not then we get a cycle (as a subgraph of P0). This gives a map M on the disc D2 in
which each internal vertex is in one 6-gon, two 4-gons, one 3-gon and the boundary vertices
are either (i) on 4-gons and 6-gons or (ii) on 3-gons and 4-gons. In the first case, M would
be like one in Fig. 4. But, this is not possible by Lemma 3.5. In the second case, M would
be like one in Fig. 5. This is also not possible by Lemma 3.6. Thus, P0 is an infinite path.
Similarly, Q0 and Q1 are infinite paths. This proves the claim.
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Figure 4: Some maps on the 2-disc
By the claim, all the vertices on P0, Q0 and Q1 are distinct.
Now A0,0, F0,0 are faces through a0,1. The other two faces through a0,1 must be of
the form B0,1 := C4(a0,1, b0,2, a0,2, b0,1) and C0,1 := C3(a0,1, c1,1, b0,2). Then the fourth face
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Figure 5: Some more maps on the 2-disc
through c1,1 must be D0,1 := C4(c1,1, b0,2, c0,2, b1,1). Similarly, the faces through b1,1 are
A1,0, D0,1, E0,1 := C3(b1,1, c0,2, a1,2) and B1,1 := C4(b1,1, a1,2, b1,2, a1,1). Continuing this
way we get a path P1 and faces Bi,1, Ci,1, Di,1, Ei,1, i ∈ Z, between Q1 and P1 (see Fig.
3). Where, Bi,j := C4(ai,2j , bi,2j , ai,2j−1, bi,2j−1), Ci,j := C3(bi,2j , ci+1,2j−1, ai,2j−1), Di,j :=
C4(bi,2j , ci,2j , bi+1,2j−1, ci+1,2j−1), Ei,j := C3(ci,2j , ai+1,2j , bi+1,2j−1), i, j ∈ Z.
If we now consider the edge a0,2b0,2 on the path P1 we get new path Q2 := · · · -c−1,3-b−1,3
-a−1,3-c0,3-b0,3-a0,3-c1,3-b1,3-a1,3- · · · and faces Ai,1, Fi,1, i ∈ Z, between P1 and Q2. Where,
Ai,j := C6(ai,2j , bi,2j , ci,2j , ai,2j+1, bi,2j+1, ci,2j+1), Fi,j := C4(ci,2j , ai+1,2j , ci+1,2j+1, ai,2j+1),
i, j ∈ Z. Continuing this way we get the map X is as in Fig. 3. Then ai,j 7→ ui,j, bi,j 7→ vi,j,
ci,j 7→ wi,j, for all i, j, define an isomorphism from X to E8. This proves the lemma.
Lemma 3.7. Let E9 be as in Example 2.1. Let X be a semi-equivelar map on the plane.
If the type of X is [31, 122] then X ∼= E9.
To prove Lemma 3.7, we need the following.
Lemma 3.8. Let M be a map on the 2-disk D2 whose faces are triangles, 12-gons. For a
vertex u of M and i = 3, 12, let ni(u) be the number i-gons through u. Then M can not
satisfy both the following: (i) (n3(u), n12(u)) = (1, 2) for each internal vertex u, (ii) boundary
∂D2 has 2k + 2ℓ vertices in which 2k vertices which are in one triangle and 12-gon, and 2ℓ
vertices which are in one 12-gon only, for some k > 0 and k − 1 ≤ ℓ ≤ k + 3.
Proof. Let f0, f1 and f2 denote the number of vertices, edges and faces of M respectively.
For i = 3, 12, let ni denote the total number of i-gons inM . Let there be n internal vertices.
Then f0 = n+ 2k + 2ℓ, f2 = n3 + n12 and f1 = (3n + 6k + 4ℓ)/2. So, n is even.
Suppose M satisfies (i) and (ii). Then n3 = (n + 2k)/3, n12 = (2n + 2k + 2ℓ)/12. Now
f2 = n3 + n12 = (n + 2k)/3 + (2n + 2k + 2ℓ)/12 = (6n + 10k + 2ℓ)/12 = k + (3n + t)/6,
−1 ≤ t ≤ 3. Since n is even, this implies that t = 0. So, ℓ = k. Therefore, f0 = n + 4k,
f2 = k + n/2 and f1 = (3n + 6k + 4k)/2 = n+ n/2 + 5k. Hence f0 − f1 + f2 = (n+ 4k) −
(n + n/2 + 5k) + (n/2 + k) = 0. This is not possible since the Euler characteristic of the
2-disk D2 is 1. This completes the proof.
Proof of Lemma 3.7. Let b0,0b1,0 be an edge ofX in two 12-gons. Assume that these 12-gons
are A0,0 := C12(b0,0, b1,0, c0,0, c1,0, a1,0, a0,1, b1,1, b0,1, c−1,1, c−2,1, a−2,1, a−1,0) and A0,−1 :=
C12(b0,−1, b1,−1, c0,−1, c1,−1, a1,−1, a0,0, b1,0, b0,0, c−1,0, c−2,0, a−2,0, a−1,−1) (see Fig. 6). This
implies that D0,0 := C3(b0,0, a−1,0, c−1,0) and F0,0 := C3(b1,0, a0,0, c0,0) are faces (through
b0,0 and b1,0 respectively). Clearly, the second face containing the edge a0,0c0,0 must be
of the form A1,−1 := C12(b2,−1, b3,−1, c2,−1, c3,−1, a3,−1, a2,0, b3,0, b2,0, c1,0, c0,0, a0,0, a1,−1).
Then D1,0 := C3(c1,0, b2,0, a1,0) and D1,−1 := C3(c1,−1, b2,−1, a1,−1) are faces. Again, the
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Figure 6: Part of X of Lemma 3.7
second face through b2,0b3,0 must be of the form A1,0 := C12(b2,0, b3,0, c2,0, c3,0, a3,0, a2,1,
b3,1, b2,1, c1,1, c0,1, a0,1, a1,0). Then F1,0 := C3(b3,0, a2,0, c2,0) and F0,1 := C3(b1,1, a0,1, c0,1)
are faces. Continuing this way get the paths Pj := · · · -b−2,j-b−1,j-c−2,j-c−1,j-b0,j-b1,j-c0,j
-c1,j-b2,j-b3,j- · · · for −1 ≤ j ≤ 1.
Claim. P0, P−1, P1 are infinite paths.
If not then we get a cycle (as a subgraph of P0). This gives (by the similar arguments
as in the proof of Lemma 3.4) a map M on the disc D2 which satisfies properties (i) and (ii)
of Lemma 3.8 for some k, ℓ. But, this is not possible by Lemma 3.8. Thus, P0 is an infinite
path. Similarly, P−1 and P1 are infinite paths. This proves the claim.
By the claim, all the vertices on P0, P−1 and P1 are distinct. Above arguments also give
faces (between the paths P−1 and P1) Ai,j,Di,j , Fi,j+1, for j = −1, 0, i ∈ Z, where Ai,j :=
C12(b2i,j , b2i+1,j , c2i,j , c2i+1,j , a2i+1,j , a2i,j+1, b2i+1,j+1, b2i,j+1, c2i−1,j+1, c2i−2,j+1, a2i−2,j+1,
a2i−1,j), Di,j := C3(c2i−1,j , b2i,j , a2i−1,j), Fi,k := C3(b2i+1,k, a2i,k, c2i,k).
Similarly, if we start with the edge b0,1b1,1 in place of b0,0b1,0, we get faces Ai,j,Di,j
and Fi,j+1, for j = 0, 1, i ∈ Z between the paths P0 and P2 (with same common faces
between P0 and P1). Continuing this way we get faces Ai,j,Di,j , Fi,j of X, for i, j ∈ Z.
Then the mapping ϕ : X 7→ E9, given by ϕ(ai,j) = ui,j, ϕ(bi,j) = vi,j, ϕ(ci,j) = wi,j, is an
isomorphism. This completes the proof.
Lemma 3.9. Let E10 be as in Example 2.1. Let X be a semi-equivelar map on the plane.
If the type of X is [41, 61, 121] then X ∼= E10.
Again, to prove Lemma 3.9 we need the following two technical lemmas.
Lemma 3.10. Let M be a map on the 2-disk D2 whose faces are quadrangles, hexagons,
12-gons. For a vertex u of M and i = 4, 6, 12, let ni(u) be the number i-gons through u.
Then M can not satisfy both the following: (i) (n4(u), n6(u), n12(u)) = (1, 1, 1) for each
internal vertex u, (ii) boundary ∂D2 contains 2k + 2ℓ vertices, among these 2k vertices are
in one quadrangle and one 12-gon, and 2ℓ vertices are in one 12-gon only, for some k > 0
and 2k − 2 ≤ ℓ ≤ 2k + 2.
Proof. Let f0, f1 and f2 denote the number of vertices, edges and faces of X respectively.
For i = 4, 6, 12, let ni denote the total number of i-gons in X. Let there be n internal
vertices. Thus, f0 = n+ 2k + 2ℓ and f2 = n4 + n6 + n12.
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Suppose X satisfies (i) and (ii). Then n6 = n/6, n4 = (n + 2k)/4 = (6n6 + 2k)/4 =
(3n6+k)/2 and n12 = (n+2k+2ℓ)/12 = (6n6+2k+2ℓ)/12 = (3n6+k+ℓ)/6 = (2n4+ℓ)/6.
So, ℓ is even. Now, f2 = n4+n6+n12 = (3n6+k)/2+n6+(3n6+k+ℓ)/6 = 3n6+(4k+ℓ)/6.
So, (4k + ℓ)/6 ∈ Z, where ℓ is even and 2k − 2 ≤ ℓ ≤ 2k + 2. This implies that ℓ = 2k.
Therefore f0 = 6n6+6k, f2 = 3n6+k and f1 = (3n+6k+4ℓ)/2 = (3n+6k+8k)/2 = 9n6+7k.
Hence f0− f1+ f2 = (6n6+6k)− (9n6+7k)+ (3n6+ k) = 0. This is not possible since the
Euler characteristic of D2 is 1. This completes the proof.
Lemma 3.11. Let M be a map on the 2-disk D2 whose faces are quadrangles, hexagons,
12-gons. For a vertex u of M and i = 4, 6, 12, let ni(u) be the number i-gons through u.
Then M can not satisfy both the following: (i) (n4(u), n6(u), n12(u)) = (1, 1, 1) for each
internal vertex u, (ii) boundary ∂D2 contains 4k + 2ℓ vertices, among these 4k vertices are
in one quadrangle and one hexagon, and 2ℓ vertices are in one hexagon only, for some k > 0
and k − 1 ≤ ℓ ≤ k.
Proof. Let f0, f1 and f2 denote the number of vertices, edges and faces of X respectively.
For i = 4, 6, 12, let ni denote the total number of i-gons in X. Let there be n internal
vertices. Then f0 = n+ 4k + 2ℓ and f2 = n4 + n6 + n12.
Suppose X satisfies (i) and (ii). Then n12 = n/12, n4 = (n+ 4k)/4 = (12n12 + 4k)/4 =
3n12 + k, n6 = (n + 4k + 2ℓ)/6 = (12n12 + 4k + 2ℓ)/6 = 2n12 + (2k + ℓ)/3. This implies
that ℓ = k since k − 1 ≤ ℓ ≤ k. Therefore, f0 = n+ 6k = 12n12 + 6k, f2 = n4 + n6 + n12 =
(3n12 + k) + (2n12 + k) + n12 = 6n12 + 2k and f1 = (3n + 12k + 4k)/2 = 18n12 + 6k + 2k.
So, f0− f1+ f2 = (12n12 +6k)− (18n12 +8k) + (6n12 +2k) = 0. This is not possible since
the Euler characteristic of the 2-disk D2 is 1. This completes the proof.
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Figure 7: Part of X of Lemma 3.9
Proof of Lemma 3.9. Since the type of X is [41, 61, 121], each 6-gon of X intersects three
12-gons and three 4-gons at edges. Let c0,0f0,0 be an edge in the intersection of a 6-gon
and a 12-gon. Let these faces be F0,0 := C6(c0,0, f0,0, e1,−1, d1,−1, a0,−1, b0,−1) and A0,0 :=
C12(c0,0, f0,0, e0,0, d0,0, a0,1, b0,1, c0,1, f0,1, e0,1, d0,1, a0,0, b0,0) for some vertices a0,0, a0,1, a0,−1,
b0,0, b0,1, b0,−1, c0,1, d0,0, d0,1, d1,−1, e1,−1, e0,0, e0,1, f0,1 (see Fig. 7). Then the third face
through c0,0 (resp., f0,0) must be of the form B0,0 := C4(b0,0, c0,0, b0,−1, c0,−1) (resp., C0,0 :=
C4(f0,0, e0,0, f1,−1, e1,−1)). Then the third face through e0,0 must be of the form D0,0 :=
C6(e0,0, d0,0, a1,0, b1,0, c1,−1, f1,−1). Clearly, the third face through d0,0 (resp. b1,0) must be
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of the form J1,0 := C4(d0,0, a1,0, d1,1, a0,1) (resp., B1,0 := C4(b1,0, c1,0, b1,−1, c1,−1)). Then
the third face through c1,0 must be of the form F1,0 := C6(c1,0, f1,0, e2,−1, d2,−1, a1,−1, b1,−1).
Continuing this way get the paths (see Fig. 7)
Q0 := · · · -a−1,−1-d0,−1-e0,−1-f0,−1-c0,−1-b0,−1-a0,−1-d1,−1-e1,−1-f1,−1-c1,−1-b1,−1- · · ·
P0 := · · · -c−1,0-f−1,0-e−1,0-d−1,0-a0,0-b0,0-c0,0-f0,0-e0,0-d0,0-a1,0-b1,0-c1,0-f1,0-e1,0- · · ·
Q1 := · · · -b−1,1-a−1,1-d0,1-e0,1-f0,1-c0,1-b0,1-a0,1-d1,1-e1,1-f1,1-c1,1-b1,1-a1,1- · · ·
and faces Ai,0, Bi,0, Ci,0, Di,0, Fi,0, Ji,0, i ∈ Z, where Ji,j := C4(di,2j , ai+1,2j , di+1,2j+1,
ai,2j+1), Bi,j := C4(bi,2j , ci,2j, bi,2j−1, ci,2j−1), Ci,j := C4(fi,2j , ei,2j , fi+1,2j−1, ei+1,2j−1),
Ai,j := C12(ci,2j , fi,2j, ei,2j , di,2j, ai,2j+1, bi,2j+1, ci,2j+1, fi,2j+1, ei,2j+1, di,2j+1, ai,2j, bi,2j),
Di,j := C6(ei,2j , di,2j, ai+1,2j, bi+1,2j, ci+1,2j−1, fi+1,2j−1), Fi,j := C6(ci,2j , fi,2j, ei+1,2j−1,
di+1,2j−1, ai,2j−1, bi,2j−1).
Claim. P0, Q0, Q1 are infinite paths.
If P0 is not a path then we get a cycle (as a subgraph of P0). This gives (by the similar
arguments as in the proof of Lemma 3.4) a map M on the disc D2 which satisfies either
properties (i) and (ii) of Lemma 3.10 or properties (i) and (ii) of Lemma 3.11 for some k, ℓ.
But, this is not possible by Lemmas 3.10, 3.11. Thus, P0 is an infinite path. Similarly, Q0
and Q1 are infinite paths. This proves the claim.
If we start from the edge c0,2f0,2 in place of c0,0f0,0, we get faces C12(c0,2, f0,2, e0,2,
d0,2, a0,3, b0,3, c0,3, f0,3, e0,3, d0,3, a0,2, b0,2), C4(b0,2, c0,2, b0,1, c0,1), C4(f0,2, e0,2, f1,1, e1,1)
(in place of A0,0, B0,0, C0,0 respectively), for some vertices a0,2, a0,3, b0,2, b0,3, c0,3, d0,2,
d0,3, e0,2, e0,3, f0,3 (see Fig. 7). Then, by the same method as above, we get faces Ai,1,
Bi,1, Ci,1, Di,1, Fi,1, Ji,1, i ∈ Z. Continuing this way we faces Ai,j, Bi,j, Ci,j, Di,j, Fi,j , Ji,j,
for i, j ∈ Z, of X. Then the mapping ϕ : X 7→ E10, given by ϕ(ai,j) = ui,j , ϕ(bi,j) = vi,j,
ϕ(ci,j) = wi,j, ϕ(di,j) = xi,j, ϕ(ei,j) = yi,j, ϕ(ci,j) = zi,j, is an isomorphism.
Lemma 3.12. Let E11 be as in Example 2.1. Let X be a semi-equivelar map on the plane.
If the type of X is [41, 82] then X ∼= E11.
To prove Lemma 3.12, we need the following two technical lemmas.
Lemma 3.13. Let M be a map on the 2-disk D2 whose faces are quadrangles and 8-gons.
For a vertex u of M and i = 4, 8, let ni(u) be the number of i-gons through u. Then M
can not satisfy both the following: (i) (n4(u), n8(u)) = (1, 2) for each internal vertex u, (ii)
boundary ∂D2 has k + 2ℓ vertices in which k vertices are in two 8-gons, and 2ℓ vertices
which are in one 8-gon only, for some k > 0 and k ≤ ℓ ≤ k + 3.
Proof. Let f0, f1 and f2 be the number of vertices, edges and faces of M respectively. For
i = 4, 8, let ni be the total number of i-gons in M . Let there be n internal vertices. Then
f0 = n+ k + 2ℓ and f1 = (3× n+ 3× k + 2× 2ℓ)/2 = 2ℓ+ 3(n + k)/2. So, n+ k is even.
Suppose M satisfies (i) and (ii). Then n4 = n/4. So, n is even and (since n+ k is even)
hence k is even, say k = 2r. Now, n8 = (2n + 2k + 2ℓ)/8 = (n + k + ℓ)/4. These imply
that ℓ is also even and hence ℓ = k or k + 2. If ℓ = k + 2 then n8 = n/4 + (2k + 2)/4 =
n4 + r + 1/2 6∈ Z, a contradiction. Thus, ℓ = k. Therefore f0 = n + 3k, f1 = (3n + 7k)/2
and f2 = n4+n8 = n/4+(n+2k)/4 = (n+k)/2. These imply, f0−f1+f2 = 0. This is not
possible since the Euler characteristic of the 2-disk D2 is 1. This completes the proof.
Lemma 3.14. Let M be a map on the 2-disk D2 whose faces are quadrangles and 8-gons.
For a vertex u of M and i = 4, 8, let ni(u) be the number of i-gons through u. Then M
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can not satisfy both the following: (i) (n4(u), n8(u)) = (1, 2) for each internal vertex u, (ii)
boundary ∂D2 has k + 2ℓ vertices in which k vertices are in one 4-gon, and 2ℓ vertices are
in one 4-gon and 8-gon, for some k > 0 and k ≤ ℓ ≤ k + 2.
Proof. Let f0, f1 and f2 denote the number of vertices, edges and faces of M respectively.
For i = 4, 8, let ni be the total number of i-gons in M . Let there be n internal vertices.
Then f0 = n+ k + 2ℓ and f1 = (3× n+ 2× k + 3× 2ℓ)/2. So, n is even, say n = 2n
′.
Suppose M satisfies (i) and (ii). Then n4 = (n + k + 2ℓ)/4 = (2n
′ + k + 2ℓ)/4 and
n8 = (2n + 2ℓ)/8 = (2n
′ + ℓ)/4. Since n4, n8 ∈ Z, it follows that both k and ℓ are even.
Let k = 2k′ and ℓ = 2ℓ′. Since k ≤ ℓ ≤ k + 2, it follows that ℓ = k, k + 2. If ℓ = k + 2,
then n4 − n8 = (k + ℓ)/4 = (2k + 2)/4 = k
′ + 1/2 6∈ Z, a contradiction. So, ℓ = k. Then
f0 = n+ 3k, f1 = (3n+ 8k)/2 and f2 = n4 + n8 = (n + 3k)/4 + (2n+ 2k)/8 = (n+ 2k)/2.
These imply, f0 − f1 + f2 = 0. This is not possible since the Euler characteristic of the
2-disk D2 is 1. This completes the proof.
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Figure 8: Part of X of Lemma 3.12
Proof of Lemma 3.12. Let b0,0b1,0 be an edge of X in two 8-gons. Assume that these 8-
gons are A0,−1 := C8(b0,0, b1,0, a1,−1, a1,−2, b1,−1, b0,−1, a0,−2, a0,−1) and A0,0 := C8(b0,0, b1,0,
a1,0, a1,1, b1,1, b0,1, a0,1, a0,0,), for some vertices a0,0, a1,0, a0,1, a1,1, a1,−1, a1,−2, a0,−2,
b0,1, b1,1, b0,−1, b1,−1. Then the third face through b0,0 (resp. b1,0) must be of the form
B0,0 := C4(b−1,0, a0,−1, b0,0, a0,0) (resp. B1,0 := C4(b1,0, a1,−1, b2,0, a1,0)). Clearly, the
second face through the edge a1,0a1,1 must be of the form A1,0 := C8(b2,0, b3,0, a2,0, a2,1,
b3,1, b2,1, a1,1, a1,0,). Now, the third face through a1,1 must be of the form B1,1 := C4(b1,1,
a1,1, b2,1, a1,2). Continuing this way (by the similar arguments as in the proofs of Lemmas
3.4, 3.7 and 3.9) we get the paths P0 := · · · -b−2,0-b−1,0-a0,−1-b0,0-b1,0-a1,−1-b2,0- · · · and
P1 := · · · -b−2,1-b−1,1-a0,1-b0,1-b1,1-a1,1-b2,1- · · · and faces Ai,0, Bi,0, i ∈ Z, where Ai,j :=
C8(b2i,j , b2i+1,j , ai+1,2j , ai+1,2j+1, b2i+1,j+1, b2i,j+1, ai,2j+1, ai,2j), Bi,j := C4(b2i−1,j , ai,2j−1,
b2i,j , ai,2j). Again, by Lemmas 3.13, 3.14, P0 and P1 are infinite paths (as before). Similarly,
if we start with the edge b0,1b1,1 in place of b0,0b1,0, we get (similar arguments as before)
infinite paths P1 and P2 and faces Ai,1, Bi,1, i ∈ Z. Continuing this way we get faces Ai,j,
Bi,j, i, j ∈ Z. Then the mapping ϕ : X → E11, given by ϕ(ai,j) = ui,j, ϕ(bi,j) = vi,j,
i, j ∈ Z, is an isomorphism. This completes the proof.
Proof of Theorem 1.1. Let X be a semi-equivelar map on R2. If the type of X is [36] then,
by [5, Lemma 3.2], X ∼= E1. If the type of X is [3
3, 42] then, by [3, Lemma 3.4], X ∼= E4. If
the type of X is [32, 41, 31, 41] (resp., [31, 61, 31, 61]) then, by [3, Lemma 5.3], X is isomorphic
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to E5 (resp., E6). If the type of X is [4
4] then by the same arguments (as in the proofs of
previous three cases) it is easy to see that X ∼= E2. If the type of X is [6
3] then the dual X∗
of X is a semi-equivelar map of type [36] on R2. Thus, X∗ ∼= E1 and hence X ∼= E∗1 ∼= E3.
The result now follows by Lemmas 3.2, 3.4, 3.7, 3.9 and 3.12.
Proof of Theorem 1.3. Let T := {[36], [63], [44], [34, 61], [33, 42], [32, 41, 31, 41], [31, 61, 31, 61],
[31, 41, 61, 41], [31, 122], [41, 82], [41, 61, 121]} and K := T \ {[34, 61]}.
Let Y be a semi-equivelar map on the torus. Let the type of Y be [pn11 , . . . , p
nk
k ]. Then,
by [3, Theorem 1.4], [pn11 , . . . , p
nk
k ] ∈ T . Since R
2 is the universal cover of the torus, by
pulling back Y (using similar arguments as in the proof of Theorem 3 in [8, Page 144]),
we get a semi-equivelar map Y˜ of type [pn11 , . . . , p
nk
k ] on R
2 and a polyhedral covering map
η : Y˜ → Y . Since [pn11 , . . . , p
nk
k ] ∈ T , because of Theorem 1.1, we can assume that Y˜ is
Ei for some i = 1, 2, . . . , 10 or 11. Let Γi be the group of covering transformations. Then
|Y | = |Ei|/Γi. For σ ∈ Γi, η ◦ σ = η. So, σ maps a face of the map Ei in R2 to a face of Ei
(in R2). This implies that σ induces an automorphism σ̂ (say) of Ei. Thus, we can identify
Γi with a subgroup of Aut(Ei). So, Y is a quotient of Ei by the subgroup Γi of Aut(Ei),
where Γi has no fixed element (vertex, edge or face).
If Z is a semi-equivelar map on the Klein bottle then, by [3, Theorem 1.4], the type of
Z is in K. Now, by the same argument as above, Z ∼= Ej/Λj for some (fixed element free)
subgroup Λj of Aut(Ej) and j = 1, . . . , 6, 8, 9, 10 or 11. This completes the proof.
4 Proofs of Theorems 1.7 and 1.8
Proof of Theorem 1.7. For 1 ≤ i ≤ 11, let Ei be as in Example 2.1. Let Vi = V (Ei) be the
vertex set of Ei. Let Hi be the group of all the translations of Ei. So, Hi ≤ Aut(Ei).
Let X be a semi-equivelar map of type [41, 82] on the torus. Then, by Theorems 1.1
and 1.3, we can assume X = E11/Γ11 for some subgroup Γ11 of Aut(E11) and Γ11 has no
fixed element (vertex, edge or face). Hence Γ11 consists of translations and glide reflections.
Since X = E11/Γ11 is orientable, Γ11 does not contain any glide reflection. Thus Γ11 ≤ H11.
Let η11 : E11 → X be the polyhedral covering map.
We take origin (0, 0) is the middle point of the line segment joining vertices v0,0 and
v1,1 of E11 (see Fig. 1 (k)). Let a := u1,0 − u0,0, b := v0,1 − v0,0 ∈ R2. Then H11 := 〈x 7→
x+ a, x 7→ x+ b〉. Under the action of H11, vertices of E11 form four orbits. Consider the
subgroup G11 of Aut(E11) generated by H11 and the map (the half rotation) x 7→ −x. So,
G11 = {α : x 7→ εx+ma+ nb : ε = ±1,m, n ∈ Z} ∼= H11 ⋊ Z2.
Clearly, under the action of G11, vertices of E11 form two orbits. The orbits are O1 :=
{ui,j : i, j ∈ Z}, O2 := {vi,j : i, j ∈ Z}.
Claim 1. If K ≤ H11 then K EG11.
Let g ∈ G11 and k ∈ K. Then g(x) = εx +ma + nb and k(x) = x + pa + qb for some
m,n, p, q ∈ Z and ε ∈ {1,−1}. Therefore, (g ◦ k ◦ g−1)(x) = (g ◦ k)(ε(x − ma − nb)) =
g(ε(x−ma−nb)+ pa+ qb) = x−ma−nb+ ε(pa+ qb)+ma+nb = x+ ε(pa+ qb) = kε(x).
Thus, g ◦ k ◦ g−1 = kε ∈ K. This proves the claim.
By Claim 1, Γ11 is a normal subgroup of G11. Therefore, G11/Γ11 acts on X = E11/Γ11.
Since O1 and O2 are the G11-orbits, it follows that η11(O1) and η11(O2) are the (G11/Γ11)-
orbits. Since the vertex set of X is η11(V11) = η11(O1)⊔ η11(O2) and G11/Γ11 ≤ Aut(X), it
follows that the number of Aut(X)-orbits of vertices is ≤ 2. This proves part (a).
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Now, let X be a semi-equivelar map of type [34, 61] on the torus. Then, by Theorems
1.1 and 1.3, we can assume X = E7/Γ7 for some Γ7 ≤ Aut(E7). As before, Γ7 ≤ H7. Let
η7 : E7 → X be the polyhedral covering map.
We take origin (0, 0) is the middle point of the line segment joining vertices u−1,0 and
u1,0 of E7 (see Fig. 1 (g)). Let a7 := u4,−1 − u1,0, b7 := u2,2 − u1,0, c7 := u−1,3 − u1,0 ∈ R2.
Then H7 = 〈x 7→ x + a7, x 7→ x + b7, x 7→ x + c7〉. Under the action of H7, vertices of
E7 form six orbits. (Observe that the six vertices of a 6-gon are in different H7-orbits.)
Consider the subgroup G7 of Aut(E7) generated by H7 and the mapping x 7→ −x. So,
G7 = {α : x 7→ εx+ma7 + nb7 + pc7 : ε = ±1,m, n, p ∈ Z} ∼= H7 ⋊ Z2.
Then, the vertices of E7 form three G7-orbits. The orbits are O1 := {u7i+4j±1,j : i, j ∈ Z},
O2 := {u7i+4j,j±1 : i, j ∈ Z} and O3 := {u7i+4j+1,j−1, u7i+4j−1,j+1 : i, j ∈ Z}. (Observe
that each vertex of E7 is in a unique 6-gon and the vertices of the 6-gon whose center is
u7i+4j,j are u7i+4j±1,j , u7i+4j,j±1, u7i+4j+1,j−1, u7i+4j−1,j+1 for all i, j, see Fig. 1 (a), (g).)
Claim 2. If K ≤ H7 then K EG7.
Let g ∈ G7 and k ∈ K. Then, g(x) = εx+ma7+nb7+pc7 and k(x) = x+ra7+sb7+ tc7
for some m,n, p, r, s, t ∈ Z and ε ∈ {1,−1}. Therefore, (g ◦k ◦g−1)(x) = (g ◦k)(ε(x−ma7−
nb7 − pc7)) = g(ε(x−ma7 − nb7 − pc7) + ra7 + sb7 + tc7) = x−ma7 − nb7 − pc7 + ε(ra7 +
sb7 + tc7) +ma7 + nb7 + pc7 = x+ ε(ra7 + sb7 + tc7) = k
ε(x). Thus, g ◦ k ◦ g−1 = kε ∈ K.
This proves the claim.
By Claim 2, Γ7 is a normal subgroup of G7. Therefore, G7/Γ7 acts on X = E7/Γ7. Since
O1, O2 and O3 are the G7-orbits, it follows that η7(O1), η7(O2) and η7(O3) are the (G7/Γ7)-
orbits. Since the vertex set of X is η7(V7) = η7(O1)⊔η7(O2)⊔η7(O3) and G7/Γ7 ≤ Aut(X),
it follows that the number of Aut(X)-orbits of vertices is ≤ 3.
If X is a semi-equivelar map of type [31, 41, 61, 41] on the torus then, by Theorems 1.1
and 1.3, X = E8/Γ8 for some group Γ8 ≤ H8 ≤ Aut(E8). By the same arguments as
above, the number of G8/Γ8-orbits of vertices of X is three, where G8 is generated by
H8 = 〈x 7→ x+(w1,0−w0,0), x 7→ x+(w0,2−w0,0), x 7→ x+(w−1,2−w0,0)〉 and the mapping
x 7→ −x. (Here the three G8-orbits of vertices of E8 are {ui,j : i, j ∈ Z}, {vi,j : i, j ∈ Z},
{wi,j : i, j ∈ Z}. In this case, we take the origin at the middle point of the line segment
joining w0,0 and w0,1.) Thus, the number of Aut(X)-orbits of vertices is ≤ 3.
If X is a semi-equivelar map of type [31, 122] on the torus then, by Theorems 1.1 and
1.3, X = E9/Γ9 for some group Γ9 ≤ H9 ≤ Aut(E9). Again, by the same arguments, the
number of G9/Γ9-orbits of vertices of X is three, where G9 is generated by H9 = 〈x 7→
x + (v2,0 − v0,0), x 7→ x + (v1,1 − v0,0), x 7→ x + (v−2,1 − v0,0)〉 and the mapping x 7→ −x.
(Here also the three G9-orbits of vertices of E9 are {ui,j : i, j ∈ Z}, {vi,j : i, j ∈ Z},
{wi,j : i, j ∈ Z}. In this case, we take the origin at the middle point of the line segment
joining v0,0 and v1,1.) Thus, the number of Aut(X)-orbits of vertices is ≤ 3. This completes
the proof of part (b).
Finally, assume that X is a semi-equivelar map of type [41, 61, 121] on the torus then, by
Theorems 1.1 and 1.3, X = E10/Γ10 for some group Γ10 ≤ H10 ≤ Aut(E10). Let G10 be the
group generated by H10 = 〈x 7→ x+(y1,0−y0,0), x 7→ x+(y0,2−y0,0), x 7→ x+(y−1,2−y0,0)〉
and the mapping x 7→ −x. By the same arguments as above, Γ10 EG10 and the number of
G10/Γ10-orbits of vertices of X is six. (The six G10-orbits of vertices of E10 are {ui,j : i, j ∈
Z}, {vi,j : i, j ∈ Z}, {wi,j : i, j ∈ Z}, {xi,j : i, j ∈ Z}, {yi,j : i, j ∈ Z} and {zi,j : i, j ∈ Z}.
Here, we take the origin at the middle point of the line segment joining y0,0 and y0,1.) Thus,
the number of Aut(X)-orbits of vertices is ≤ 6. This proves part (c).
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Proof of Theorem 1.8. Consider the semi-equivelar mapM1 given in Example 2.2. By The-
orems 1.1 and 1.3, M1 = E6/Θ6 for some subgroup Θ6 of Aut(E6). Let H6 and G6 be as
in the proof of Theorem 1.7. Then we know that Θ6 ≤ H6, Θ6 E G6 and the number of
(G6/Θ6)-orbits of vertices of M1 is three. It also follows from the same proof that the three
orbits are Ou := {u1, . . . , u12}, Ov := {v1, . . . , v12}, Ow := {w1, . . . , w12}. Let G1 be the
graph whose vertices are the vertices of M1 and edges are the longest diagonals of 6-gons.
Then G1 is a 2-regular graph and hence union of cycles. Observe that C4(u1, u2, u3, u4),
C3(v1, v8, v11), C12(w1, w2, w10, w7, w8, w9, w5, w6, w12, w3, w4, w11) are three cycles (com-
ponents) in G1. Clearly, Aut(M1) acts on G1. So, Aut(M1) ≤ Aut(G1). Since u1, v1, w1 are
in components of different sizes in G1, it follows that they are in different Aut(G1)-orbits.
Hence u1, v1, w1 are in different Aut(M1)-orbits. This implies that the Aut(M1)-orbits are
Ou, Ov and Ow. In other words, M1 has exactly three Aut(M1)-orbits of vertices.
Consider the semi-equivelar map M3 given in Example 2.2. By Theorems 1.1 and 1.3,
M3 = E8/Θ8 for some subgroup Θ8 of Aut(E6). Let G3 be the graph whose vertices are the
vertices of M3 and edges are diagonals of 4-gons. Then G3 is a 2-regular graph and hence
union of cycles. Here C6(a1, a4, a2, a5, a3, a6), C4(b1, b4, b7, b10), C12(c1, c5, c8, c11, c3, c4, c7,
c10, c2, c6, c9, c12) are three cycles (components) in G3. Therefore, by the same arguments
as above, M3 has exactly three Aut(M3)-orbits of vertices.
Consider the semi-equivelar map M4 given in Example 2.2. By Theorems 1.1 and 1.3,
M4 = E9/Θ9 for some subgroup Θ9 of Aut(E9). Let G4 be the graph whose vertices
are the vertices of M4 and edges are the longest diagonals of 12-gons. Then G4 is a 2-
regular graph and hence union of cycles. Here C12(u1, u12, u21, u8, u9, u20, u5, u16, u17,
u4, u13, u24), C6(v1, v10, v17, v2, v9, v18), C4(w1, w6, w3, w8) are cycles in G4. Therefore, by
the same arguments as above, M4 has exactly three Aut(M4)-orbits of vertices.
Now, consider the semi-equivelar map M2 given in Example 2.2. By Theorems 1.1 and
1.3, M2 = E7/Θ7 for some subgroup Θ7 of Aut(E7). Let H7 and G7 be as in the proof of
Theorem 1.7. Then we know that Θ7 ≤ H7, Θ7 E G7 and the number of (G7/Θ7)-orbits
of vertices of M2 is three. It also follows from the same proof that the three orbits are
Oa := {a1, . . . , a8}, Ob := {b1, . . . , b8}, Oc := {c1, . . . , c8}.
We call an edge uv of M2 nice if at u (respectively, at v) three 3-gons containing u
(respectively, v) lie on one side of uv and one on the other side of uv. (For example, c6c7
is nice). Observe that there is exactly one nice edge in M2 through each vertex. Let G2
be the graph whose vertices are the vertices of M2 and edges are the nice edges and the
long diagonals of 6-gons (this graph was first constructed in the proof of [3, Lemma 4.3]).
Then G2 is a 2-regular graph and hence is a disjoint union of cycles. Again, we can assume
that Aut(M2) ≤ Aut(G2). Observe that C4(b1, b8, b2, b7), C8(a1, a3, a5, a7, a2, a4, a6, a8),
C8(c1, c3, c5, c8, c2, c4, c6, c7) are three cycles (components) in G2. Since a1 (resp. c1) and
b1 are in components of different sizes in G2, it follows that they are in different Aut(G2)-
orbits and hence in different Aut(M2)-orbits. If possible, suppose there exists α ∈ Aut(M2)
such that α(a1) = c1. Then α maps the neighbours of a1 to neighbours of c1 in M2. So,
α({a3, b1, b3, c2, c4}) = {a2, a3, b1, b7, c3}. Since α ∈ Aut(G2), any bi maps to some bj by α.
So, α({b1, b3}) = {b1, b7}. This is not possible since b1b3 is not an edge of G2 but b1b7 is an
edge of G2. Thus, there does not exist any α ∈ Aut(M2) such that α(a1) = c1. Therefore,
a1 and c1 are in different Aut(M2)-orbits. This implies that the number of Aut(M2)-orbits
of vertices of M2 is three. These four examples proof part (a).
Finally, consider the semi-equivelar map M5 given in Example 2.2. By Theorems 1.1
and 1.3, M5 = E10/Θ10 for some group Θ10 ≤ H10 ≤ Aut(E10). Again, let G10 be as in the
proof of Theorem 1.7. Then Θ10 E G10 and the number of (G10/Θ10)-orbits of vertices of
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M5 is six. It also follows from the same proof that the six orbits are Oa := {a1, . . . , a12},
Ob := {b1, . . . , b12}, Oc := {c1, . . . , c12}, Ou := {u1, . . . , u12}, Ov := {v1, . . . , v12} and
Ow := {w1, . . . , w12}. Let G5 be the graph whose vertices are the vertices of M5 and edges
are the diagonals of 4-gons and the longest diagonals of 12-gons. Then
G5 = C12(v1, . . . , v12) ⊔ C12(w1, . . . , w12) ⊔ C6(u1, . . . , u6) ⊔ C6(u7, . . . , u12)
⊔ C6(c1, . . . , c6) ⊔ C6(c7, . . . , c12) ⊔ C4(a1, . . . , a4) ⊔C4(a5, . . . , a8)
⊔ C4(a9, . . . , a12) ⊔ C4(b1, . . . , b4) ⊔ C4(b5, . . . , b8) ⊔ C4(b9, . . . , b12).
Since Aut(M5) acts on G5, we can assume that Aut(M5) ≤ Aut(G5). Suppose there ex-
ists α ∈ Aut(M5) such that α(a1) = b1. Then α maps the neighbours of a1 to neigh-
bours of b1 in M5. So, α({b1, b4, w1}) = {a1, a4, c2}. Since α ∈ Aut(G5), it follows that
α({b1, b4}) = {a1, a4}. This implies that α(w1) = c2. This is not possible since w1 and c2
are in components of G5 of different sizes and α ∈ Aut(G5). Thus, there does not exist any
α ∈ Aut(M5) such that α(a1) = b1 and hence a1 and b1 are in different Aut(M5)-orbits.
Similarly, one can show that v1 and w1 are in different Aut(M5)-orbits and u1 and c1 are
in different Aut(M5)-orbits. These imply that the number of Aut(M5)-orbits of vertices of
M5 is exactly six. This proves part (b).
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